We address the performance of an interferometric setup in which a squeezed single photon interferes at a beam splitter with a coherent state. Our analysis in based on both the quantum Fisher information and the sensitivity when a Mach-Zehnder setup is considered and the difference photocurrent is detected at the output. We compare our results with those obtained feeding the interferometer with a squeezed vacuum (with the same squeezing parameter of the squeezed single photon) and a coherent state in order to have the same total number of photons circulating in the interferometer. We find that for fixed squeezing parameter and total number of photons there is a threshold of the coherent amplitude interfering with the squeezed single photon above which the squeezed single photons outperform the performance of squeezed vacuum (showing the highest quantum Fisher information). When the difference photocurrent measurement is considered, we can always find a threshold of the squeezing parameter (given the total number of photons and the coherent amplitude) above which squeezed single photons can be exploited to reach a better sensitivity with respect to the use of squeezed vacuum states also in the presence of non unit quantum efficiency.
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I. INTRODUCTION
The use of nonclassical resources, such as single photons and squeezed light, can improve the sensitivity to a phase shift of optical interferometers also in the presence of real setup and detectors affected by losses [1] [2] [3] [4] [5] . In particular, it is well known that adding squeezing at the input of an interferometer can lead to the Heisenberg limit [6] , namely, the ultimate bound to precision allowed by the very laws of quantum mechanics [7] . In particular, in the last years many efforts have been made to investigate the ultimate limits to precisions addressing different scenarios [8] [9] [10] [11] [12] [13] . Though squeezed states play a relevant role in practical interferometry, the peculiar features of single-photon states allow better investigating the fundamental aspects of the phenomenon [14, 15] .
In this paper we consider a squeezed single photon (SqSPh) and a coherent state (CS) as inputs of interferometer and we study the behaviour of the resulting sensitivity to detect a phase shift. Since a SqSPh can be generated starting from a squeezed vacuum state (SqVac) by means of the photon subtraction technique [16, 17] , it is natural to compare the results to case of a SqVac and a CS as inputs. However, it is worth noting that this is not the optimal case, which is instead achieved when squeezing is present at both the input ports of the interferometer [11] . Here, we are interested in comparing the performance of the two scenarios when the squeezed parameter and total number of photons circulating in the interferometer are fixed. First of all we study the quantum Fisher information for the two configurations (SqSPh+CS and SqVac+CS) given the constraints and then we evaluate the sensitivity in the case of Mach-Zehnder interferometer where the measured quantity is the difference between the two output photocurrents. We also consider the effect of a non unit quantum efficiency.
The paper is structured as follows. In Section II we intro- * Electronic address: stefano.olivares@fisica.unimi.it duce the model of an interferometer and of the Mach-Zehnder interferometer. We also review the basic elements of the quantum estimation theory focusing, in particular, on the Fisher and quantum Fisher information and the sensitivity of the interferometer consider throughout the the paper. In Section III we show the results concerning the quantum Fisher information whereas the sensitivity, also in the presence of non unit quantum efficiency, is studied in Section IV. Finally, Section V draws some concluding remarks.
II. THE INTERFEROMETER AND QUANTUM ESTIMATION THEORY
In our analysis we address two possible couples of states ent state, whereas |ψ a can be either the SqSPh S(r) |1 a or the SqVac S(r) |0 a , where S(r) = exp 1 2 r(a † 2 − a 2 ) is the squeezing operator, as depicted in the top panel of Fig. 1 . The input modes interfere at a 50:50 beam splitter (BS), let a BS = (a + b)/ √ 2 and b BS = (b − a)/ √ 2 be the Heisenberg evolution of the initial mode operators a and b, after the passage through BS. Then one of the modes, say a BS , undergoes a phase shift of amount φ , described by the operator U (φ ) = exp iφ a † BS a BS , we want to estimate. To this aim we first choose a suitable measurement, usually described by a positive-operator-valued measurement {Π x }, whose outcomes x depend on the parameter φ and are distributed according to the conditional probability p(x|φ ) = Ψ φ Π x Ψ φ , Ψ φ being the two-mode state coming from the interferometer (see the top panel of Fig. 1 ). Starting from the data, we define an estimator, namely, a function function providing the value of the φ and its variance ∆ 2 φ .
In classical estimation theory the Cramér-Rao imposes a lower bound to variance (we drop for the sake of simplicity the statistical scaling):
F (φ ) being the Fisher information:
where Λ is the data sample space. However, the Cramér-Rao refers to the actual chosen measurement. Using the tools of quantum estimation theory [18] , we can look for the optimal measurement minimising the uncertainty or, equivalently, maximising the Fisher information. Therefore, we can introduce the so-called quantum Fisher information [19, 20] :
, thus we obtain the quantum Cramér-Rao bound [21, 22] :
.
Since we are addressing a family of pure states which come to depend on the parameter φ through a unitary operator of the form U φ = exp(−iφ G), where G = a † BS a BS is the Hermitian generator, the quantum Fisher information can be evaluated as [18] :
|Ψ in = |ψ a ⊗ |α b being the quantum state entering the interferometer (see the top panel of Fig. 1 ), which is thus independent of φ . Up to now we have considered the optimal scenario based on the optimal measurement. However, in practice one should choose a particular detection scheme, according to the current technology. In the bottom panel of Fig. 1 we depict a typical Mach-Zehnder interferometer, where during the measurement stage the two modes interfere at a second BS before a photodetection process, which measures the difference photocurrent between the two output modes a out and b out , namely:
with N
It is worth noting that given a small fluctuation δ φ , we can write:
and, thus, we have the following change of the photocurrent difference:
In order to detect such a difference we should require that
Therefore, there is a minimum value that can be detected by the apparatus, which is the sensitivity of the interferometer given by:
It is possible to show [13] that the sensitivity is lower bounded by the inverse of the Fisher information associated with the measurement, and we have:
In the following we will evaluate the quantum Fisher information and the Fisher information considering as input states a SqSPh or a SqVac and a CS and we will compare the performance of the interferometer.
III. QUANTUM FISHER INFORMATION
In order to have the same squeezing factor and total number of photons N tot ≥ 1, we rewrite the two two-mode input states as follows (without loss of generality we can assume the squeezing parameter r and the CS amplitude γ to be real):
or:
where we introduced the (real) coherent amplitude γ, so that N tot = γ 2 + cosh 2r + sinh 2 r. The second parametrisation can be more useful since, in a typical setup, one fixes the squeezing parameter r and the CS amplitude γ (note that in order to have the same N tot the CS which interferes with the SqVac should have a larger energy than the one interfering with the SqSPh). (γ, r). Though the calculation is quite straightforward, the analytical results are cumbersome and they are not explicitly reported here; we just observe that the quantum Fisher information is maximised for φ = π/2 and this will be our working point throughout the rest of the paper. In Fig. 2 we plot the region of the rγ-plane for which Q (γ, r) refer to states with the same N tot according to the parametrisation in Eqs. (6) . In Fig. 3 we plot the two quantum Fisher information as functions of N tot (or r) and fixed value of the coherent amplitude γ. In this cases we have the following asymptotic behaviour in the high number of photons limit N tot 1 (or large squeezing parameter r):
respectively, that is in both the cases we find the Heisenberg scaling as one may expect [7, 11] . It is worth noting that, at least in the presence of the optimal measurement, the squeezing resource allows outperforming the coherent light. This is 
IV. SENSITIVITY
In this section we address the sensitivity of the MachZehnder interferometer setup sketched in the bottom panel of Fig. 1 . As in the case concerning the quantum Fisher information, also the calculation of the sensitivity, as defined in Eq. (3), can be straightforwardly obtained starting from the input states (6) . The analytical results are clumsy and they are not reported explicitly.
In Fig. 4 we plot the sensitivities s (SqSPh) (γ, r; η) and s (SqVac) (γ, r; η), where η is the quantum efficiency of the photodetectors [23] ; the comparison is obtained for fixed total number of photons N tot (we recall that γ is the amplitude of the CS interfering with the SqSPh, therefore, in general, the two configurations have the same total energy, same squeezing parameter r but different coherent amplitude). With respect to the quantum Fisher information (see Fig. 2 ), we can see that for fixed r now we have a thresholdγ th of the coherent amplitude below which SqSPh outperforms SqVac. Moreover, as the quantum efficiency becomes lower, the actual value ofγ th increases: losses at the detection are more detrimental for a setup based on SqVac.
In Fig. 5 we plot s (SqSPh) and s (SqVac) for two fixed values of γ. In the same plots we also report s (Ch) = (ηN tot ) −1/2 , that is the sensitivity obtained when a coherent state with amplitude √ N tot and the vacuum state are considered as inputs. In this case we find the following scaling for the high photon number regime N tot 1 (or large squeezing parameter r):
respectively, that is in both the case we find the shot-noise limit ∝ N −1/2 tot : in this limit the SqSPh performs better that SqVac.
Inspecting Fig. 4 , it is interesting to note when the SqSPh is mixed with the vacuum (γ = 0), there is a minimum value of the squeezing parameter r above which a SqSPh allows reaching a better sensitivity than a setup exploiting SqVac mixed with a suitable CS in order to have the same N tot (see also Fig. 6 ). However, in this last case one have s (SqSPh) = s (Ch) = (ηN tot ) −1/2 , namely, the squeezed single photon performs as a coherent state with the same energy.
V. CONCLUSIONS
In this manuscript we have investigated the performance of a SqSPh as a probe to detect some optical phase shift. We have carried out our analysis comparing the results from the interference of the SqSPh with a CS and with the results obtained addressing a SqVac. In particular we focused on the case of fixed squeezing parameter (assumed to be the same for the SqSPh and the SqVac) and fixed total number of photons. Addressing both the quantum Fisher information and the Mach-Zehnder interferometer (based on photodetectors), we have found the regimes in which a SqSPh can outperform a SqVac as input. Our results show that whereas in the optimal case, i.e., the case involving the optimal measurement associated with the quantum Fisher information, both the inputs allow reaching the Heisenberg scaling in the high energy (or squeezing) limit (though SqVac performs better), when the measurement of the different photocurrent is considered the interferometer exploiting a SqSPh exhibits a better sensitivity. Eventually, we also presented some results (see the top panel plots of Figs. 5 and 6) based on parameters that can be experimentally reachable considering the small amount of the total energy (up ten photons) and the reasonable amount of squeezing (below 12 dB corresponding to r ≈ 1.38.) [3] .
